滑らかな数の3乗の和について(解析的整数論) by 川田, 浩一
Title滑らかな数の3乗の和について(解析的整数論)
Author(s)川田, 浩一








Koichi KAWADA ( –)
Faculty of Education, Iwate University
( )
1. – Waring .
“ ” , “smooth number” , Harcos [6] Introduc-
tion , Pomer\eta ce , . -





, 1985 , Erd\"os $N$ , $N^{1/s}$
2 *,
, . Erd\"os ,
Goldbach , ,
, , Fujii [5], Balog-S\’ark\"ozy [2], [3], Balog [1]
.
1997 , Harcos [6] Waring . ,
2 k , k . ,
Waring , Vaughan Wooley Waring
( [9], [10]) , .
, $P\geq R\geq 2$ , $R$ $P$
$d(P_{)}R)$ , $e(\alpha)=e^{2\pi i\alpha}$ ,
$f_{k}( \alpha)=\sum_{1\leq x\leq P}e(x^{k}\alpha)$
,
$g_{k}( \alpha)=‘\sum_{x\in\swarrow(P,R)}e(x^{k}\alpha)$
.1987 3 17 receiv $\mathrm{d}$ [1] , Balog $2$ Erd\"os
. , [l] Balog .
1512 2006 109-117 109
. $R$ , , $P$ $\mathrm{A}\mathrm{a}$ , .
Waring circle method , gk(\alpha )
t\searrow Weyl (\alpha )
. , circle meth0d , 2
. - , – Weyl
, mmor arc . ,
, $f_{k}(\alpha)$ $g_{k}(\alpha)$
. ,
. , $R\geq P^{\eta}$ $\# d(P, R)>>_{\eta}P$ , $P$
.
, fk(\alpha ) gk(\alpha )
\uparrow . Vaughan, Wooley .
,
$\int_{0}^{1}|f_{3}(\alpha)|^{6}\ll P^{7/2+g}$ , $\int_{0}^{1}|\mathit{9}s(\alpha)|^{6}\ll P^{3.2496}$ (1)
t. Hua , Wooley[ll] . ,
, ,
, .
, minor arc , Weyl ,
Vinogradov , k , k
. gk(\alpha ) ,
, minor arc $f_{k}(\alpha)$ $g_{k}(\alpha)$
, , 7 k , . Waring ,
l nor arc $\mathfrak{m}$ ,
$\mathrm{m}=\{\alpha\in[0,1) :\forall q\leq P, \forall a\in \mathbb{Z}, |q\alpha-a|>P^{1-k}\}$
, , $k=7$ ,
$\sup_{\alpha\in \mathfrak{n}\mathrm{t}}|f_{7}(\alpha)|\ll P^{63/64+\mathrm{e}}$ , $\sup_{\alpha\in \mathfrak{n}\backslash }|g_{7}(\alpha)|\ll P^{0.983203}$
. Weyl , Vaughan-Wooley [9] . $63/64=0.984375$
, g7(\alpha ) . , , k=3 ,
$\sup_{\alpha\epsilon \mathrm{m}}|f_{3}(\alpha)|\ll P^{3/4+\epsilon}$ , $\sup_{\alpha\in \mathrm{m}}|g_{3}(\alpha)|<<P^{9/10+e}$ (2)
’ , , .
\epsilon , \epsilon .
110
, Weyl , Br\"udern-Wooley [4] ,
$f_{3}(\alpha)$ .
, 7 k , mior arc , $g_{k}(\alpha)$
,
, . , Vaughan-Wooley ,
$k$ , “ Waring ”
. [9] $G(7)\leq 33$ \S , ,
\eta , , n\eta 33
7 . n\eta , C
$\exp$ ( $c\mathrm{o}\mathrm{g}n\ovalbox{\tt\small REJECT}$lloogglloogg $n$) , ,
Balog-S&k\"ozy [2] , , .
, 7 k , “ Wari ” , Harcos [6]
Vaughan Wooley , .
, k 6 , gk(\alpha ) , minor
arc (\alpha ) 4\, . , ,
gk(\alpha ) , min0rarc (\alpha )
, , , , , Vaughan-Wooley
[9] . , k
, $f_{k}(\alpha)$ $g_{k}(\alpha)$ minor arc ,
, Vaughan-Wooley k
, . , “





$\S_{G(k)}$ , $s$ $k$ , $s$ . ,
G(7)\leq 33 , , 33 7 , .
1 , $c$ \sqrt$lognloglogn o(\not\in \tau %\rightarrow




Harcos [6] , :
1 (Harcos [6]) $c$ , $n$ , $\exp$ ( $c$ og $n$ lloogg lloogg $n$)
9 3 .
3 9 ,
, 8 3 , Br\"udern-Wooley
[4] :
2 (Br\"udern-Wooley [4]) $c$ , $n$ ,
$\exp$($c\mathrm{o}\mathrm{g}n\ovalbox{\tt\small REJECT}$lloogglloogg$n$) 8 3 .
circle meth0d , , minor arc
. , Harcos Hua
, Br\"udern-Wooley , breaking classical convexity device
Wooley [11] . Wooley , .
– 1 , ,
$\exp(c\mathrm{o}\mathrm{g}n\ovalbox{\tt\small REJECT}\log\log n)$ ,
, . C ,
. , 8 –
, , 7 .
Linnik 7 , ,
7 6 , 3
. , circle method
, g3(\alpha ) 6 Woo1ey (1) ,
. , Wooley , ,
, 1980 Vaught .
, (\alpha ) Weyl (2) , 7
. .
. $\theta$ , $n$ , $n^{\theta/3}$
7 $x_{1},$ $\cdots,$ $x_{7}$ , $n=x_{1}^{3}+x_{2}^{3}+\cdots+x_{7}^{3}$
.
$n$ $x_{j}$
$n^{1/3}$ , $\theta=1$ . - ,
, 8 , C ,
112




, , (almost prime) 3 ,









7 3 [7] ,
. $n,$ $d$ ,
$n=x^{\mathit{3}}+y_{1}^{3}+\cdots+y_{6}^{3}$ , $x\equiv 0$ (mod $d$),
$x$ ( ) $y_{1},$ $\cdots,$ $y_{6}$ $r(n;d)$ ,
$D$ $\{\lambda_{d}\}$ $\sum_{d\leq D}\lambda_{d}r(n;d)$
. , ,
$x$ $n$
. , n 7 3
, yj (l)
,
, \searrow . , \mbox{\boldmath $\lambda$}d O
$\pm 1$ , [7] minor arc , $|\lambda_{d}|\ll 1$
, \mbox{\boldmath $\lambda$}d , D<d\leq 2D 1,
O, , . ,
, $\text{ }D\text{ }\sum_{D<d\leq 2D}r(n_{j}d)\text{ }$, ,
, $(D, 2D]$ $x$ , $n$
. x n1/3 , (D, 2D] , x
. , D n
, , ,
n , n1/3/D 7 3 ,
113
, 3 . [7] ,
,
.
3(Kawada, [7]) $\theta>\frac{2608\sqrt{2833}-1065\mathit{2}7}{41(8\sqrt{\mathit{2}833}+517)}(=0.83523\cdots)$ $\theta$
, n , n9/3 7 3
.




, [7] , –
. , , $(D, 2D]$
$x$ , $n$ $n=x^{S}+y_{1}^{S}+\cdots+y_{6}^{3}$ ,
, , , .
$x$
$n^{1/\mathrm{s}}$ , $D<n^{1/6}$ , $(D, \mathit{2}D]$ $x$ $n^{1/s}/D\text{ }$
, ,
x , . ,
x , . ,
switching principle, reversal r\^ole techffique
.
, , Balog[1] 2
.
, “$y_{j}$ (1) ” , ,
6 1 , .
, .
, $n$ $X=n^{1/3}/D$ ,
$n=(d_{1}x_{1})^{3}+(d_{2}x_{2})^{3}+y_{1}^{3}+\cdots+y_{5}^{3}$ , (3)
, ,
$d_{1},$ $d_{2}$ $(D, \mathit{2}D]$ , $x_{1},$ $x_{2}$ $X$ ,
(4)
$y_{1},$ $\cdots,y_{5}$ ( 1 )
114
. , xl, x2 ,
$n$ .
, $x$ $P(x)$ , (4) ,
$P(x_{2})\leq \mathrm{Y}$
$n$ (3) $R_{1}(n)$ . $\mathrm{Y}$ , $X$
, , $D$
. , , $D$ , $R_{1}(n)$
. , $y_{1},$ $\cdots,y_{5}$ , $x_{1}$ $X$
, 2 , circle method
. , Rl(n) , 3
.
$R_{1}(n)$ $n$ (3) , $x_{1}$ , $\mathrm{Y}$
. , Rl(n)
$x_{1}$ , $\mathrm{Y}$ , $\mathrm{Y}$
7 3 $n$ . , $R_{1}(n)$
, $x_{1}$ $\mathrm{Y}$ $R_{2}(n)$ ,
. , $R_{2}(n)$ , (4) ,
$P(x_{1})>Y,$ $P(x_{2})\leq \mathrm{Y}$ .
$n$ (3) . $R_{1}(n)>R_{2}(n)$
, $n$ , (4) , $P(x_{1})\leq Y,$ $P(x_{2})\leq \mathrm{Y}$ $x_{1},$ $x_{2}$ (3)
, Y 7 3 n .
, R2(n) , Rl(n) xl . ,
X . , R2(n)
. , R2(n)
, ||.
, $R_{2}(n)$ , $P(x_{\mathit{2}})\leq \mathrm{Y}$ $R_{3}(n)$ .
, (4) ,
$P(x_{1})>\mathrm{Y}$
n (3) R3(n) . , R3(n)
. x2 X .
$||$ .
115
, , $R_{3}(n)\geq R_{2}(n)$ . ,
$R_{1}(n)>R_{\mathit{3}}(n)$ (5)
, $R_{1}(n)>R_{\mathit{2}}(n)$ , .
, (5) $Y$ , . $R_{1}(n)$ $R_{3}(n)$
, $y_{j}$ , $R_{1}(n)$ $d_{1},$ $x_{1},$ $d_{2}$
, $R_{3}(n)$ $d_{\mathit{2}},$ $x_{2},$ $d_{1}$ . , $R_{1}(n)$
$P(x_{2})\leq \mathrm{Y}$ , $R_{3}(n)$ $P(x_{1})>Y$ , $R_{1}(n)$
$R_{3}(n)$ . ,
$P(x)\leq \mathrm{Y}$ , $X$ $x$ $\Psi(X, \mathrm{Y})$ ,
$P(x)>\mathrm{Y}$ , $X$ $x$ $\mathrm{Y}(X, \mathrm{Y})$
, n ,
$R_{1}(n)=(\Psi(X, Y)+o(1))F(n)$ , $R_{3}(n)=(’\mathrm{r}(X, \mathrm{Y})+o(1))F(n)$
. , $F(n)$ $n^{4}$
. , $\Psi(X,\mathrm{Y})>\mathrm{r}’(X, Y)$ $Y$ , (5) $\mathrm{Y}$
. , \Phi (X,Y)+T(X, Y) X , X+O(l)
, , $l(X, Y)<X/2$ $Y$ .
. $\mathrm{Y}$ $\sqrt{X}$
, , Mertens , Y .
$\prime \mathrm{r}(X, Y)=\#\{x\leq X:P(x)>Y\}=\sum_{Y<\mathrm{p}\leq X}$ $\sum_{x\leq X}$ 1
$p$:prime $x\equiv 0$ (nod p)
$= \sum_{Y<\mathrm{P}\leq X}(\frac{X}{p}+O(1))$
$=X \log(\frac{\log X}{\log Y})+O(X/\log X)$ .
X/2 , ,
$\log(\frac{\log X}{\log Y})<\frac{1}{2}$ $\Leftrightarrow$ $\frac{\log X}{\log Y}<e^{1/2}$ $\Leftrightarrow$
$\mathrm{Y}>X^{6^{-1/2}}$ .
, $\epsilon$ $Y=X^{e^{-1/2}+\epsilon}$ , $\mathrm{Y}$ . $X=$




4 (Kawada) $\theta>\frac{2608\sqrt{\mathit{2}8\mathit{3}3}-10652\mathit{7}}{41(8\sqrt{283\mathit{3}}+517)\sqrt{e}}(=0.50659\cdots)$ $\theta$
, n , n\theta /3 7 3
.




[1] A. Balog, “On additive representation of integers,” Acta Math. Hunger. 54 (1989),
297-301.
[2] A. Balog and A. S\’ark\"ozy, “On sums of integers having small prime factors, I,” Studia
Sci. Math. Hungar. 19 (1984), 35-47.
[3] A. Balog and A. S\’ark\"ozy, “On sums of integers having small prime factors, II,” Studia
Sci. Math. Hungar. 19 (1984), 81-88.
[4] J. Br\"udern and T. D. Wooley, “On Waring’s problem for cubes and smooth Weyl
sums,” Proc. London Math. Soc. (3) 82 (2001), 89-109.
[5] A. Fujii, “An additive problem in theory of numbers,” Acta Arith. 40 (1980), 41-49.
[6] G. Harcos, “Waring’s problem with small prime factors,” Acta Arith. 80 (1997),
165-185.
[7] K. Kawada, “On sums of seven cubes of almost primes,” Acta Arith. 117 (2005),
213-245.
[8] R. C. Vaughan, The Hardy-Littlewood method, 2nd ed., Cambridge Univ. Press,
1997.
[9] R. C. Vaughan and T. D. Wooley, “Further improvements in Waring’s problem,” Acta
Math. 174 (1995), 147-240.
[10] R. C. Vaughan and T. D. Wooley, “Further improvements in Waring’s problem, IV:
Higher powers,” Acta Arith. 94 (2000), 203-285.
[11] T. D. Wooley, “Breaking classical convexity in Waring’s problem: Sums of cubes and
quasi-diagonal behaviour,” Invent. Math. 122 (1995), 421-451.
[12] T. D. Wooley, “Sums of three cubes,” Mathematika 47 (2000), 53-61.
117
